PUBLISHED BY INSTITUTE OF PHYSICS PUBLISHING FOR SISSA

RECEIVED: April 24, 2006
ACCEPTED: August 24, 2006
PUBLISHED: September 21, 2006

Rank two quiver gauge theory, graded connections
and noncommutative vortices

Olaf Lechtenfeld,® Alexander D. Popov® and Richard J. Szabo®

@ Institut fir Theoretische Physik, Leibniz Universitdt Hannover
Appelstrafie 2, 30167 Hannover, Germany
b Bogoliubov Laboratory of Theoretical Physics, JINR
141980 Dubna, Moscow Region, Russia
3 Department of Mathematics and Mazwell Institute for Mathematical Sciences
Heriot- Watt University
Colin Maclaurin Building, Riccarton, Edinburgh EH14 4AS, U.K.
E-mail: Lechtenf@itp.uni-hannover.dd, popov@itp.uni-hannover.de|
R.J.Szabo®ma.hw.ac.uk

ABSTRACT: We consider equivariant dimensional reduction of Yang-Mills theory on Kéhler
manifolds of the form M xCP'xCP!. This induces a rank two quiver gauge theory on M
which can be formulated as a Yang-Mills theory of graded connections on M. The reduction
of the Yang-Mills equations on M xCP!xCP! induces quiver gauge theory equations on
M and quiver vortex equations in the BPS sector. When M is the noncommutative space
Rg” both BPS and non-BPS solutions are obtained, and interpreted as states of D-branes.
Using the graded connection formalism, we assign DO-brane charges in equivariant K-theory
to the quiver vortex configurations. Some categorical properties of these quiver brane
configurations are also described in terms of the corresponding quiver representations.
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1. Introduction and summary

BEERE HAoommmm =

EEEEES

FREE=EE

It has become clear in recent years that a proper description of the nonperturbative vacuum

in string theory will require detailed understanding of the properties of systems of both BPS

and non-BPS brane configurations (see [[[] for a recent review). The basic non-BPS system

is the unstable brane-antibrane configuration which corresponds to a pair of vector bundles

with a tachyon field mapping between them. The dynamics of this system can be cast as

a Yang-Mills theory of superconnections [P]. In some instances the branes can be realized

as instantons of gauge theory in the appropriate dimensionality [B]. Important examples



of this are noncommutative solitons and instantons which find their most natural physical
interpretations in terms of D-branes [f]. This is related [f] to the fact that the charges
of D-branes are classified by K-theory [f]. Reviews on noncommutative solitons and D-
branes can be found in [[j], while applications of BPS soliton solutions in noncommutative
(supersymmetric) Yang-Mills theory to D-brane dynamics are given e.g. in [§].

One way to generate both stable and unstable states of D-branes is by placing them
at singularities of orbifolds [f, [[J]. Regular representation D-branes then decay into ir-
reducible representation fractional branes under the action of the discrete orbifold group.
The low-energy dynamics of the D-brane decay is succinctly described by a quiver gauge
theory. Resolving orbifold singularities by non-contractible cycles blows up the fractional
D-branes into higher dimensional branes wrapping the cycles. Another way of obtaining
quiver gauge theories on a g-dimensional manifold M is to consider k coincident D(g+7)-
branes wrapping the worldvolume manifold X = M xG/H where G/H is an r-dimensional
homogeneous space for a Lie group G with a closed subgroup H. In the standard interpre-
tation this system of D-branes corresponds to a rank k£ hermitean vector bundle £ over X
with a connection whose dynamics are governed by Yang-Mills gauge theory. For Kahler
manifolds X the stability of such bundles (BPS conditions) is controlled by the Donaldson-
Uhlenbeck-Yau (DUY) equations [[]. For G-equivariant bundles & — X one finds that
Yang-Mills theory on X reduces to a quiver gauge theory on M [[2-[L5].

In this paper we will focus on some of these issues in quiver gauge theories on Kéahler
manifolds M which arise via a quotient by the natural action of the Lie group SU(2) xSU(2)
on equivariant Chan-Paton bundles over M xCP!xCP'. Our analysis generalizes previous
work on brane-antibrane systems from reduction on M xCP! [[3, [[§, [[7], and on the gen-
eralization to chains of branes and antibranes arising from SU(2)-equivariant dimensional
reduction on M xCP! [[[3, [[§. In particular, we will expand on the formalism introduced
in [[[§] which merged the low-energy dynamics of brane-antibrane chains with quiver gauge
theory into a Yang-Mills gauge theory of new objects on M termed “graded connections”,
which generalize the usual superconnections on the worldvolumes of coincident brane-
antibrane pairs. This formalism is particularly well-suited to describe such physical in-
stances and their novel effects, such as the equivalence between non-abelian quiver vortices
on M and symmetric multi-instantons on the higher-dimensional space M xCP!xCP!.
Moreover, when M is the noncommutative space ]Rg”, it enables one to interpret non-
commutative quiver solitons in the present case as states of D-branes in a straightforward
manner, whilst providing a categorical approach to D-branes which characterizes their
moduli beyond their K-theory charges. These quiver brane configurations require a more
complex description than just that in terms of branes and antibranes, and we construct a
category of D-branes which incorporates both their locations and their bindings to abelian
magnetic monopoles.

The essential new ingredients of the present paper are that our quivers are of rank
two, as opposed to the rank one quivers considered in [[[§], and the necessity of imposing
relations on the quiver. The resulting quiver D-brane configuration is new, and comprises
a two-dimensional lattice of branes and antibranes coupled to U(1)xU(1) Dirac monopole
fields with interesting dynamics formulated through a higher-rank gauge theory of graded



connections. We will also elaborate further on some of the constructions introduced in [[§].

The outline of this paper is as follows. In section Pl we describe general features of the
SU(2) xSU(2)-equivariant reduction of gauge theories on M xCP!xCP' to an arbitrary
Kéahler manifold M, including the special case of the noncommutative euclidean space
M = Rg”. In section P we describe various features of the induced quiver gauge theory on
M and develop the associated formalism of graded connections in this case. In section f| we
analyse the general structure of quiver gauge theory on M and the quiver vortex equations
which describe the BPS sector. We then construct both BPS and non-BPS solutions of
the Yang-Mills equations on the noncommutative space Rg”xCPGCPl, describe their
induced quiver representations, and analyse in detail the structure of the moduli space of
noncommutative instantons. Finally, in section [| we realize our noncommutative instantons
as configurations of D-branes by computing their topological charges, by computing their
K-theory charges through a noncommutative equivariant version of the ABS construction,
and by realizing them as objects in the category of quiver representations using some
techniques of homological algebra.

2. Equivariant gauge theory

In this section we will analyse some aspects of SU(2)xSU(2)-equivariant gauge theory on
spaces of the form M xCP!xCP!, where M is a Kihler manifold. After some prelimi-
nary definitions, we describe the equivariant decomposition of generic gauge bundles over
M xCP'xCP?', and of their connections and curvatures. We then write down the corre-
sponding Yang-Mills action functional and explain the generalization to noncommutative
gauge theory. Equivariant dimensional reduction is described in general in [[l4], while
general aspects of noncommutative field theories are reviewed in [[[9].

2.1 The Kihler manifold M xCPl1xCP!

Let M be a Kéhler manifold of real dimension 2n with local real coordinates x = (z*) €
R?" where the indices u,v,... run through 1,...,2n. Let 5(25) = CP(IZ), ¢ = 1,2, be
two copies of the standard two-sphere of constant radii R, with coordinates ¥, € [0, 7]
and ¢ € [0,27]. We shall consider the product M ><(CP(11)><(CP(12) which is also a Kéhler
manifold with local complex coordinates (z!,...,2" y1,y2) € C"*? and their complex

conjugates, where

20 = g2l g g% and 70 = g2l 4 g2 with a = 1,...,n  (2.1)
while
sin vy ) sin ¥y . .
ye 1+ cosdy exp (i) an ye 1+ cosy exp (1) Wi ’
(2.2)
In these coordinates the riemannian metric
ds? = 9w dz” dz” (2.3)



on MX(CP(ll) ><(CP(12) takes the form

ds? = Guv dzt daz¥ + R? (dﬁ% + sin? 9, dcp%) + R? (dﬁ% + sin? 0y dcp%)
4R? 4 R3

71,2 dyr dyr + 2

(1+u121) (1+y202)

where hatted indices fi,7,... run over 1,...,2n 4+ 4. The Kéahler two-form €2 is given by

= 2g,; dz° dzb + 5 dya dyz, (2.4)

Q = L, da Ada¥ + Rf sindy d91 Adepr + R3 sinds dia A dps
41 R?
(14 y272)

41 R?

= —2ig,; dz2" Adzb — dyy A Ay —
ab (1+vy151)°

3 dys A dyo . (2.5)

2.2 Equivariant vector bundles

Let & — MXCP(II) ><(CP(12) be a hermitean vector bundle of rank k. We wish to impose the
condition of G-equivariance on this bundle with the group G := SU(2)xSU(2) of rank 2
acting trivially on M and in the standard way on the homogeneous space CP!xCP! =
G/H, where H := U(1)xU(1) is a maximal torus of G. This means that we should
look for representations of the group G inside the U(k) structure group of the bundle &,
i.e. for k-dimensional unitary representations of GG. For every pair of positive integers k;
and k, up to isomorphism there are unique irreducible SU(2)-modules V ;. and V. of
dimensions k; and k,, respectively, and consequently a unique irreducible representation
Vie =V, 0V, of G with dimension k;, := k; k.. Thus, for each pair of positive
integers my and mgy, the module

Y = éiéo énéozkm with V=~ = Chia and 2 ikia =k (2.6)

gives a representation of SU(2)xSU(2) inside U(k). The structure group of the bundle £
is correspondingly broken as

U(k) — H I1 U(kia) - (2.7)

As a result, we must construct bundles &€ — M ><(CP(11) ><(CP(12) whose typical fibres V are
complex vector spaces with a direct sum decomposition as in (.6]). We will now describe
how this is done explicitly.

There are natural equivalence functors between the categories of G-equivariant vec-
tor bundles over M xG/H and H-equivariant bundles over M, where H acts trivially on
M [[4. If E — M is an H-equivariant bundle, then it defines a G-equivariant bundle
& — MxCP!'xCP! by induction as

&= GXHE, (2.8)

where the H-action on GxE is given by h - (g,e) = (gh™',h-e) for h € H, g € G
and e € E. We therefore focus our attention on the structure of H-equivariant bundles



E — M. For this, it is more convenient to work in a holomorphic setting by passing
to the universal complexification G¢ := G ® C = SL(2,C)xSL(2,C) of the Lie group
G. If £ - MxCP'xCP' is a G-equivariant vector bundle, then the G-action can be
extended to an action of G°. Let K = PxP be the Borel subgroup of G with P the
group of lower triangular matrices in SL(2,C). Its Levi decomposition is given by K =
U x H¢, where H® := H® C = C*xC*. A representation V of K is irreducible if
and only if the action of U on V is trivial and the restriction V |ge is irreducible. It
follows that there is a one-to-one correspondence between irreducible representations of
K and irreducible representations of the Cartan subgroup H®¢ C G°. The natural map
CP'xCP! = G/H — G°/K is a diffeomorphism of projective varieties. The categorical
equivalence above can then be reformulated as a one-to-one correspondence between G°-
equivariant bundles £ — M xCP!xCP! and K-equivariant bundles over M, with K acting
trivially on M.

The Lie algebra sl(2, C) is generated by the three Pauli matrices

o= (o 0) = (30) ma = (1) 29)

with the commutation relations
[o3,04] = +204 and [o1,0_] = o3. (2.10)

The Lie algebra of U is generated by two independent copies of the element o_, while the
Cartan subgroup H€ is generated by two independent copies of the element o3. For each
p € Z there is a unique irreducible representation S, & C of C* given by (-v = (P v for
¢ € C* and v € S,. Thus for each pair of integers p1,pa there is a unique irreducible

module §%1) ® 5(52) = C over the subgroup H¢ = (C(Xl) ><(C(X2). Since the manifold M carries

the trivial action of the group H€, any K-equivariant bundle £ — M admits a finite
p1,p2 Epl P2 ®§(P}l) ®§§2)’
where the sum runs over the set of eigenvalues for the H¢-action on E and E, ,, — M
are bundles with the trivial H¢action. From the commutation relations (P-10) it follows
that the U-action on Ep, ,, ® §(1.}1) ®S (1.?2) corresponds to independent bundle morphisms

Ep py — Ep—2p, and By, — Ep, p,—2, along with the trivial o_-actions on the irreducible

H*¢-modules 5%1) ® §(§2).

Whitney sum decomposition into isotopical components as £ = @5

After an appropriate twist by an H°module and a relabelling, the o3-actions are given
by the H¢-equivariant decomposition

E= @ @ Ekia ® §(7711)1—2i ®§(72L)272a ’ (211)



while the U-action is determined through the diagram

1 1
¢£n)1 0 ‘15571)1710 ¢5}))
Emyo kmi—10 Koo
2 2
o] o] [
2 2 2
o | — o (212
1 1 1
¢£n)1 mo—1 ¢£n)171m271 5731271
kml mo—1 kml—l mo—1 kOmg—l

2 2
Wy | o ams | o2,

kmqim kmi—1m ko m
T e T m,
: : (1) _ 00— D _ (2) _
of holomorphic bundle maps with ¢,/ 11 , = 0 = ¢, for a =0,1,...,m2 and ¢;" /4
0= qbz(g) for : =0,1,...,my. Since the Lie algebra of U is abelian, these maps generate a

commutative bundle diagram (R.19), i.e. for each i, « one has

(1) (2) ) (1)
Dit1a Pix1art = Piat1 Pilatt - (2.13)
Finally, we can now consider the underlying H-equivariant hermitean vector bundle and
introduce the standard py-monopole line bundles

De
Eé

% = SU2)xuq) SY) (2.14)

over the homogeneous spaces CPIE) for £ = 1,2. Then the original rank k hermitean vector
bundle (R.§) over M XCP(ll) ><(CP(2) admits an equivariant decomposition

mi mo
£E=P Pé with & = B 0L P 0L, (2.15)
i=0 «a=0
where Ej,  — M is a hermitean vector bundle of rank k;, with typical fibre the module
Vi, in (.6), and & — M ><(CP(11) X(CP(12) is the bundle with fibres
. — m1—21 ma—2a
(gm)(x,yhz?l,y%zb) - (Ek“")x ® (ﬁ(l) )(yhﬂl) ® (£(2) )(y27§2) ’ (2.16)

2.3 Equivariant gauge fields

Let A be a connection on the hermitean vector bundle & — M ><(CP(11) ><(CP(12) having the
form A = A; dz” in local coordinates (z”) and taking values in the Lie algebra u(k). We

will now describe the G-equivariant reduction of A on M ><(CP(11) X(CP(12). The spherical

dependences are completely determined by the unique SU(2)-invariant connections al(,i),

¢ = 1,2, on the monopole line bundles (P.14) having, in local complex coordinates on
(CP&), the forms
© _ De

=— "t (g, dye — e d7) . 2.17
Ay re (Ue dye — ye d7e) (2.17)



The curvatures of these connections are

Dbe _
f(é) = da¥) = —————— dys AN dye, (2.18)
be P (1 + yege)®

and their topological charges are given by the degrees of the complex line bundles Cl(’lf) —
(CP(IZ) as '
! ¢
deg L{y = o /(CP1 ;9 = pe. (2.19)
)

In the spherical coordinates (¢, ¢,) € S(Qg) the monopole fields can be written as

a0 —

1pg
De _—(

1—cosvy) dyy and fzgf) = dal(f;) = —% sind, dvy Adepy . (2.20)
Related to the monopole fields are the unique, covariantly constant SU(2)-invariant forms

of types (1,0) and (0,1) on (CP(IK) given respectively by

- and /) —
1T+ yeye 1T+ yeye

b = — o= W (2.21)

They take values respectively in the components E%ﬁ) and C(}? of the complexified cotangent
bundle T*(CP&) ®C = 5%@ o E(_g? over CP(lg). Note that there is no summation over the

index ¢ in (P17)—(R:21)).
With respect to the isotopical decomposition (R.15), the twisted u(k)-valued gauge
potential A thus splits into kianjﬁ blocks as

A = (A"“vﬂ’ﬁ) with A9 ¢ Hom(V,,.Vy.), (2.22)
where

Aia,ia _ Aia(x) RIR1+ lkm & (a(l) (yl) ®1+1® a1(72L272a(y2)> ’ (223)

m1—21
Alevitla —. @5}310{ = ¢Sr)1a(x) ®Bi(y)®1, (2.24)
Aittavia _ _ (Aia,i-i-loc)T _ _(qﬁﬁ)la(x))T ®B/(y)®1, (2.25)
Aieviott — g®) = ¢ (@) ©10 Ba(ys) (2:26)
Aertin = — (gt = (971 @) © 16 falye) (227)

All other components A7 B vanish, while the bundle morphisms ® 5}21 o € Hom(&it1a, &)

and <I>§2a)+1 € Hom(&; o41,ia) Obey o) =0= <I>(()1) fora =0,1,...,m9 and 3%

mi+1la — o i mo+1 -
0= CI>§§) for i = 0,1,...,m1. The gauge potentials A*® € u(k;,) are connections on the

1)
i+1la

¢z(2a) 41 transform in the representations V ;.. ®Kyﬂ+1 yand Vo ®K\,/€m+1 of the subgroups
U(kia) X U(kit1a) and U(k;q )X U(k;q+1) of the original U(k) gauge group.

hermitean vector bundles Ej, — M, while the bi-fundamental scalar fields ¢ and



The curvature two-form F = dA+ A A A of the connection A has components Fj; =
OpAs — 05 Ay + [Aj, Ap] in local coordinates (z), where 9; 1= 0/9z#. It also take values
in the Lie algebra u(k), and in local coordinates on M XCP(ll) ><(CP(12) it can be written as

F = 3 Fu da’ Ada? + Fy, dat Adyr + Fpug, da? A dys + Fuy, dz® A dys
+fl@2 da* A dﬂz + fylﬂl dy1 A\ dﬂl + fy2§2 dyz A\ dﬂz + fy1y2 dy1 A\ dy2
+ Forg, dy1 A dya + Fyyg, dyr A dga + Fyyy, dyr Adys (2.28)

The calculation of the curvature (2.2§) for A of the form (R.22)-(R.27) yields

m1 mo
F = (]—“io"jﬁ> with F@70 = qA®IF 4N N Al q 438 (2.29)

=0 ~=0
where
Fiovie = pie g (O 4 12

+ (0 (012ha)" = (6 0l) (81 1 1)
(21 (62 ) = (62) 62) (B2 1 B2) (2:30)
Fiayitla _ ¢Z+1a A By, (2.31)
Fitlajia _ _ (fia,Hla)T _ (D¢Z+1a) ABy, (2.32)
Fiogiatl _ D¢m+1 A Bs, (2.33)
Fiatlia _ _ (}—z‘a,mH)T _ (D¢za+1) A By, (2.34)
o itlatl _ <¢Z+1a¢z+1a+1 R 1) BiA B, (2.35)
Fitlatlia _ _(ﬁa,z‘+1a+1) _ <¢z+1a¢z+1a+1 ¢m+1 ¢H1a+1> B A B, (2.36)
Fiatlitla _ <(¢m+1) o — P (¢§i)1a+1)T> Bi A P2, (2.37)

‘7:’i+10t7i06+1 = _(POH_LH_IOC) = <(¢l+1a> ¢za+1 ¢l+1a+1 (¢Z+1a+1) ) BQ /\61(238)

with all other components vanishing. We have suppressed the tensor product structure per-
taining to M xCP'xCP! in (£:30)-(2:3§). Here F@ := dA™@+ Ai*p A = 1 Fﬁ dzt Adz”
are the curvatures of the bundles Ej, — M, and we have introduced the bi-fundamental

covariant derivatives

D¢z+1a = d(lerla + Ala ¢z+1a ¢l+1a AiJrl “ ) (239)

D) = g, + A gl — ¢ Alett (2.40)

za+1



From (R.30)—(R.38) we find the non-vanishing field strength components

Fio'™ = Fi, (2.41)
iy g 1
vitla _ +1 )
BT = T Dttt = = ) 22)
o i 1
jo, tat+1l (2) o +1, T
HY2 - 1+y2ﬂ2 r¥Yia+1 T (f,LZLS{Q m) ) (2'43)
i, i 1 : (YT DI
f;?@ia = _(1 _|_y1g1)2 ((ml - 21) ]'k‘ia + (¢io¢) gb ¢z+1o¢ (¢z+1o¢) > ) (244)
i, i 1 @\ (2)
‘FZZE@;& == (1 + y2g2)2 ((m2 - 20&) 1kia + ((bioz) ¢io¢ (bzoz-l—l (¢zo¢+1) ) (245)
and
(2)
§?§;+1a+1 _ ¢z+1o¢¢z+1o¢+1 ¢za+1 ¢z+1a+1 _ (f-;ry12a+1 za)T’ (246)
(1 +y191) (1 + y212)
o 62, ) e = (2T o
fzajl,z+1a _ a1 i+1a i+1la+1 \Pi+latl _ _( E+1a,za+1)T ‘ (2'47)
ne (1 +y171) (1 + y272) yree

Note that at this stage we do not generally require the imposition of the holomorphic
constraints (R.13) in this ansatz, which ensure that the bundle diagram (R.12) commutes.
Later on we will see that they arise as a dynamical constraint for BPS solutions of the Yang-
Mills equations on M XCP( 1) xCP, (2) that force the vanishing of the cross-components (R.46)
of the field strength tensor between the two copies of the sphere. In fact, our particular
ansatz in the noncommutative gauge theory will automatically satisfy this condition, as
well as the analogous ones which force the cross-components (R.47) to vanish.

2.4 The Yang-Mills functional

Let us now consider the equivariant reduction of the Yang-Mills lagrangian

Lyt = =1 V9 Tk Fo F
= =i Vi trkxk{fw FH + " g™ (Fuyy Fog + Fugn Foyn)
+9" 9" (Fuys Fop + Fugo Fons) = 2 (97 fyl!?l)Q =2 (¢9"" fyz@z)z
+2ghon g¥av (Fnng Fuive T Foigs Fonme + Foige Finge + Funge fﬂlyz)} (2.48)

where g = det(g[“)) =g gCP(ll) g(CP(12) with g= det(gw,) and

2 R? _
Jopr = {4 — (gyzyz)

—1
© (1 +yeme) '

(2.49)

For the ansatz of the section .3 above we substitute (R.41])-(R.47). After integration over
the spherical factors (CP(ll) XCP(E), the dimensional reduction of the corresponding Yang-



Mills action functional is given by

SYM = / X ) d2n+4$ LYM
M><(CP(1)><(CP(2)

- nR%Rg/ 4>z /g mz Ztrkaka [(Fia)" e (2.50)

i=0 oa=0

R2 ( ¢z+1 a) (Du¢z+1 a) ﬁ (Dﬂ(bg(i))T (D“(bgi))

1

1
R2 ( ¢wc+1) (Du(warl) ﬁ (Dﬂ(bgi))T (D“(bgi))

1 . 1\ 2
+ 2 Rﬁll ((ml - 21) i (d)z(; ) (bza) qsg-lﬁ—)l «@ ((bg-lﬁ—)l a) )

1 + f 2
Sy 7 (m2 = 20) 14, + (62 02 — 6211 (61211)")

T
1 2 2 1 1 2 2 1
+35 R2 7 (800 021 0sa — 00 i) (9210 80 — 900 010

T %(qaga 162 =0, o) (60, 6 — 62, olD)
% 7 (0 ol ac = 010 (0210)") ((612)7 0oy — 0 (6131.0) )
% % ( 1 104+1 z(i) ¢£2+1 (¢£2+1)T)T (((bg 1oc+1) ¢ ¢zo¢+1 (¢z?+1)—r)i| .

All individual terms in (R.50)) are k;q X ki matrices. Recall that qﬁl Yo are ki Xk,
matrices, (bii) 41 are k; xk; ., matrices and Aif‘ are k;, xk,, matrices. The action (R.50)
is non-negative, and it can be regarded as an energy functional for static fields on R%!x M

in the temporal gauge.

2.5 Noncommutative gauge theory

When we come to construct explicit solutions of the Yang-Mills equations we will specialize
to the Kéahler manifold M = R?” with metric tensor 9w = 9y and pass to a noncommu-
tative deformation R?® — Rg". The spherical factors (CP&), ¢ = 1,2, will always remain
commutative spaces. The noncommutative space Rg" is defined by declaring its coordinate

1

functions #!,...,2%" to obey the Heisenberg algebra relations

[, &7 ] = 10" (2.51)

with a constant real antisymmetric tensor 8*¥ of maximal rank n. Via an orthogonal
transformation of the coordinates, the matrix §# = (#*”) can be rotated into its canonical

block-diagonal form with non-vanishing components
92a—1 2a _ _92a 2a—1 —. f° (252)

for a = 1,...,n. We will assume for definiteness that all 6 > 0. The noncommutative

version of the complex coordinates (P.J]) has the non-vanishing commutators

(2%, "] = —26%00° = 07 = ¢ < 0. (2.53)

,10,



Taking the product of RZ" with the commutative spheres (CP(ll)x(CPé) means extending
the noncommutativity matrix # by vanishing entries along the four new directions.
The algebra (R.51]) can be represented on the Fock space H which may be realized as

the linear span
o0

H= P Clri,....m), (2.54)

1,0y =0

where the orthonormal basis states
n
Ir1,... H (20%r,) Y2 (3|0, ... ,0) (2.55)

are connected by the action of creation and annihilation operators subject to the commu-
tation relations

b za

Nl

In the Weyl operator realization f +— f which maps Schwartz functions f on R?" into

} = 5% . (2.56)

compact operators f on H, coordinate derivatives are given by inner derivations of the
noncommutative algebra according to

—
2h

Baf = 05[2°, f] = 0:f  and agaf:eab[éb,f} : Dsaf, (2.57)

where 6 ; is defined via yz 0 = i so that 6,; = —0;, = 5%. On the other hand, integrals

a
are given by traces over the Fock space H as

/ A%z f(z) = Pf(2n 6) Try, f . (2.58)
R2n

Vector bundles E — R?" whose typical fibres are complex vector spaces V are replaced
by the corresponding (trivial) projective modules V. ® H over Rg”. The field strength
components along R2" in (R.2§) read ]:'W = O, — 856u./i“ + [Aﬂ,./il,], where Aﬂ are
simultaneously valued in u(k) and in End(H). To avoid a cluttered notation, we will omit
the hats over operators, so that all equations will have the same form as previously but
considered as equations in End(V ® H). The main advantage of this prescription will arise
from the fact that, unlike R?”, the noncommutative space Rg" has a non-trivial K-theory
which allows for gauge field configurations of non-trivial topological charge while retaining
the simple geometry of flat contractible space.

3. Quiver gauge theory and graded connections

In this section we will exploit the fact that the G-equivariant reduction carried out in the
previous section has a natural interpretation as the representation of a particular class of
quivers in the category of vector bundles over the Kéhler manifold M, i.e. as a quiver bundle
over M [[i4, (5, R4]. The most natural notion of gauge field on a quiver bundle is provided
by that of a graded connection as introduced in [[§]. After describing some general aspects
of the quivers related to our analysis, we will rewrite the equivariant decomposition of the
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gauge fields of the previous section in terms of graded connections on the pertinent quivers.
Besides its mathematical elegance, the main advantage of this representation is that it will
make the physical interpretations of our field configurations completely transparent later
on. Treatments of the theory of quivers can be found in [R].

3.1 The A,,, 11 ® Ap,+1 quiver and its representations

A quiver is an oriented graph, i.e. a set of vertices together with a set of arrows be-
tween the vertices. For a given pair of positive integers mi,msg, it is clear that the bun-
dle diagram (R.12)) can be naturally associated to a quiver Q, m2). The nodes of this

quiver are labelled by monopole charges giving the vertex set Q (mama) = {( ) =

ma)
{C | ¢ =1,2,0 <i < m;,0 < a < my} with CHM : (vl(i)l,v((f)) — (v, () v((f))

and C(a+1 : (vl(l),v&j_l) — (v§1),v&2)). A path in Q(, m,) is a sequence of arrows in

Q(l) ) which compose. If the head of Ci(g is the same node as the tail of C ,, then

(m1,m2

(m1 —2i,mg —2a) | 0 <i<mp,0 < a < my}. The arrow set is given by Q(m1

we may produce a path Cl(fe;/) Ci(ﬁ) consisting of Cia followed by Ci,a,. To each vertex
(my — 2i,my — 2c) we associate the trivial path e;, of length 0. Each arrow Ci(ﬁ) itself
may be associated to a path of length 1. A relation r of the quiver is a formal finite sum
of paths. From (R.13) it follows that the set Ry, m,) of relations of Q(p,, m,) are given by

(1) ;
Ci—l—loz CH—l a+1 Cz a+1 Cz—i—l a+1 for 0 S mi, 0 Sas ma.

If we set M = point in the construction of section .4, then we obtain a representation
Y of the quiver Q ) obtained by placing the G-modules V . in (.6) at the vertices

(my — 2i,my — 2ar). Recalling that the nodes of the quiver arose as the set of weights for

Tiow =

(m1,m2)

the action of the Borel subgroup K on the bundle £ — M, we obtain natural equivalence
functors between the categories of holomorphic representations of K and indecomposable
representations of the quiver with relations (Q(ml,mQ) , R(ml,mQ)), and also with the cate-
gory of holomorphic homogeneous vector bundles over CP'xCP! = G¢/K. In particular,
there is a one-to-one correspondence between G-equivariant vector bundles over CP!xCP!
and commutative diagrams on the quiver Q (y,, m,)- In the case of a generic Kéhler manifold
M, any G-equivariant bundle over M xCP!xCP! defines a quiver representation obtained
by placing the vector bundles Ey,, — M at the vertices (m; — 2i,mg — 2a), as in (R.19).
It follows that there is a one-to-one correspondence between such bundles and indecom-
posable (Q(m,; ms) s Rmy,ms))-bundles over M. Neither the holomorphicity of the quiver
representation nor the relations need generically hold for the decomposition of gauge fields
given in section P.J, but instead will arise as a dynamical effect from a specific choice of
ansatz. Note that when one passes to the corresponding noncommutative gauge theory, one
is faced with infinite-dimensional quiver representations Y ® H, and one of the goals of our
later constructions will be to find appropriate truncations to finite-dimensional modules
over Q(m; mo)-

To aid in the construction of quiver representations, one defines the path algebra
A(mi,ms) Of Qmy,my) to be the vector space over C generated by all paths, together with
the multiplication given by concatenation of paths. If two paths do not compose then their
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product is defined to be 0. The trivial paths are idempotents, e?a = ¢, , and thereby define a

1o %l

collection of projectors on the finite-dimensional free algebra A . Imposing relations

my,m2)
on the quiver then amounts to taking the quotient of A, n,) by the ideal generated

by the 7;,. Given a representation V of the algebra A we can form the vector

m1,ma)
spaces V. = V- ejq = Ckie. The elements of A(mlme) C())rresponding to arrows in
Q(my,m») Yield linear maps between the V ;. which have to satisfy the relations r;, = 0. It
follows that representations of the path algebra A, ) / R(m1,m2) are equivalent to quiver
representations of (Qm, ms) » R(ml,mQ))_‘[@]'_) Such a representation is specified by giving the
ordered collection of positive integers k = ky := (kia)o<i<m, 0<a<ms, called the dimension
vector of the quiver representation, at the vertices of Q(y,; my)-

A useful set of quiver representations P, is defined for each vertex of Q(y,, m,) by
P ia = €ia " A(my,ms), Which is the subspace of A, .,,) generated by all paths starting at
the node (my — 2i,ms — 2c). Multiplying on the right by elements of the path algebra
A
path algebra representation has many special properties. The collection of all modules P

m1,ms) Makes P, into a right A, m,)-module and hence a quiver representation. This
o2l
0 <i<mq,0<a< mgare exactly the set of all indecomposable projective representations

of the quiver Q(;;,; m,), with the natural isomorphism

mi ma
A(m1,m2) = @ @ Pia (3.1)
i=0 a=0

as 1ight A, m,)-modules. Furthermore, for any quiver representation (B.6) there is a
natural isomorphism

Hom(P,,, V)=V, , (3.2)

and in particular

Hom(P 5, Pin) = (Pia)js = €ia Aumims) * €8 (3.3)

i(l),v((f)) to vertex (vj(»l),vg)). Impos-

ing the relations r;, identifies all such paths and one has (P ;,),3 = C for the corresponding

is the vector space spanned by all paths from vertex (v

quiver representation of (Q(m; ms) > Rimi,ma))-

A morphism f : ¥V — V' of two quiver representations is given by linear maps
Jia : Vi, — v’ K for each vertex such that qﬁgfl) o fia = fi+1aq§ﬁ)1 ., and qﬁ;f}rl fia =
fiat1 qﬁ?a) +1- This notion defines the abelian category of quiver representations (or equiv-
alently of right A,  m,)-modules). If all linear maps f;, are invertible, then f is called
an isomorphism of quiver representations. Any two isomorphic representations necessarily
have the same dimension vector k. This provides a natural notion of gauge symmetry in
quiver gauge theory. We will return to the issue of equivalence of representations of the

quiver Q(n, m,) in section 5.

3.2 Matrix presentation of equivariant gauge fields

A convenient way of combining the reductions of equivariant gauge fields is through the
formalism of graded connections introduced in [[[§]. The first step in this procedure is
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to rewrite the decompositions of section in a particular matrix form that reflects the
representations of the path algebra given in (B.1)—(B.3). The basic idea is that, given the
isomorphisms (P,,)js = C, one can identify (B.I]) with an algebra of upper triangular
complex matrices. For this, let us write the rank k equivariant bundle £ — M in the
Loy 41 X Loy +1-graded form

mi ma ma mi
E=@ @DE.. = D Eya  with Epya = P Brn . (34)
a=0 1=0

1=0 a=0

The algebra (M, E) of differential forms on the manifold M with values in the bundle
E has a total Zy,, 41 XZm,+1 grading defined by combining the grading in (B.4)) with the
Z-grading by form degree. Similarly, the Z,,, +1XZmn,+1 grading of the endomorphism
bundle

mi mo
End(E) = @ €P Hom(Ey,, E,,)

i.j=0 a,3=0
ma ma2

= P End(Ejnyye) @ P Hom(Em,yar Emy)s) (3.5)
a=0 auB:O
a#f

induces a total Z,, +1xZm,+1 grading on the endomorphism algebra 4(M,End E).

A graded connection on E is a derivation on Qy(M, E) which shifts the total Z,,, 11 x
Zimy+1 grading by 1, and is thus an element of the degree 1 subspace of Q4(M,End E). For
a given module (P.§) over the quiver Q(m1,m2), the zero-form components in this subspace
represent the arrows of Q(p,, m,) and are defined by appropriately assembling the Higgs
fields of the equivariant gauge potentials into off-diagonal operators in (B.5) acting on the
decomposition in (B.4). To this end we introduce square matrices of morphisms acting on
the bundles E,, ), through

0 0 ... 0

(1) 00 i

¢(m1)o¢ = 0 with o = Oa]-v'--amQ (36)
00 ... 0 ¢Na
00 ... 0 0

and assemble them into a kxk matrix with respect to the grading (B.4) and (B.5) as

1)
D)0 (10) 0 ... 0
0 ¢(m1)1 0 0
(1) — 1) - :
¢(m1,m2) = 0 0 ¢(m1)2 ) : ) (3.7)
. . . - 0
1)
0 0 0 ¢(m1)m2
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Remembering that gi)z mat1 = 0 Vi =0,1,...,mq, we similarly define matrices of mor-
phisms on E(;, )41 through
¢0 ar1 0 0o ... 0
0 %, 0 ... 0
¢Efr)n)a+1 = 0 0 ¢2a+1 : with « = 0,1,...,m2 (3.8)
: : . 0
0 0 . qul atl

and assemble them into a kxk matrix acting on (B.4) as

2
0 ¢(m1)1 0o ... 0
0 0 ¢(m1
Domn = | 1 1 o | (3.9)
&)
0 0 ... 0 ¢(m1)m2
0 0 ... 0 0
The finite dimensionality of the path algebra (B.1]) corresponds to the generic nilpotency
properties
2 1 mi1+1
(1 —
d)(ml ma)’ <¢(m1,m2)> ) (¢(m1,m2)) 7& 0 but <¢(m1,m2)) - O’
"2 (2) matlh
¢(m1 ma)’ <¢(m1,m2)> 5 - (¢(m1,m2)) ?é 0 but <¢(m1,m2)) = 0. (310)

The holomorphic relations (R.13]) now take the simple algebraic form of commutativity of

the matrices (B.7) and (B.9) as
(1 (2) _
[qb(mhmz) ’ (m17m2):| =0. (3.11)

Although a very natural requirement, the condition (B.11)) is not necessary for the present

formulation and the relations R of the quiver Q y will only play a prominent

mi,ma) (m1,m2)

role in the subsequent sections.

The one-form components of the graded connection represent the vertices of Q ;; my)
and correspond to diagonal operators in the decomposition (B.5)). They can be written
using the canonical orthogonal projections Il;, : E — Ej, of rank 1 obeying

1L H]’ﬁ = 5ij (50{5 1L, (312)
which may be represented, with respect to the decomposition (B.4)), by the diagonal matrices

A7l:0717"'7
Lo = (055 0t 6ap 5M)]ﬁﬁ:071,“fj§2 . (3.13)

The gauge potentials living at the vertices of the quiver may then be assembled into the
kxk matrix

Almme) . — i f: A @, (3.14)

i=0 a=0
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To rewrite the equivariant decomposition of the components of the gauge potentials on
the bundle &€ — M XCP(ll) XCP(l) we assemble the monopole connections into the matrices

ma2
Zaml 0 ® with I = @ i, (3.15)
a=0

mao
al™2) = Z a,(fblfm ® I, with II, := GB 11, (3.16)
a=0 =

and the monopole charges labelling the vertices of Q,,, m,) into the matrices

mi

Tg’gl,mg) = Z (ml - 21) HZ ’ (317)
1=0
2 e
Yoy = D (m2 = 20) T, (3.18)
a=0

Then the ansatz (R.29)—(R.27) can be rewritten in terms of the matrix operators (B.6)—(B.9)
and (B.14)-(B.16) as

Ay = (Almm)) @11, (3.19)
Ay =10 (@) @1 () o @), o1, (3.20)
Ap=1010 (a™) — (62 Ve1e (), (3.21)
Ay =10 (@) @1+ @ (B, o1, (3.22)
Ap, = 1,01 (a™))  + ¢(m1 ey © 1@ (B2)gs - (3.23)

As we will see in section B.4, the scalar potential in (.50 can be rewritten entirely in

terms of the natural algebraic operators T(ml ma) [qb (ma1,m2) (¢(m1 m2)) ] T%mm) -

[¢ (m1,m2) (¢(m1 mg)) ] [¢(m1,m2),¢(ml m2)] and [¢(m1 ma)’ (¢Eiz17m2))q on the quiver

(m1,m2)"
3.3 Examples

To help understand the forms of the matrix presentations introduced above, it is instructive
to look at some explicit examples of (Q (1, ms) » R(my,ms))-bundles over M before proceeding
further with more of the general formalism.

(m1, mz) = (m,0). In this case the vertical arrows C@'(j) of the quiver Q) are all 0
and the quiver bundle (R.12)) collapses to the holomorphic chain [[J

(1) (1) (1)
2] fmiio (3.24)

m—10

considered in [[[§. The quiver Q(m,0) is called the Ay, i1-quiver. The set of relations
R(m,0) is empty and the non-vanishing Higgs fields are assembled into the zero-form graded
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connection component

0t 0 0
1
. 00 ¢ff) .
im0y = ¢(m)o =1 0 on E = EBEkzo- (3.25)
0 0 0o oM
0 0 0 0
The simplest case m = 1 gives a holomorphic triple |12 and corresponds to the more

standard superconnections, having (¢(1)0))2 = 0, which characterize the low-energy field

content on brane-antibrane systems with the tachyon field qb%) between the branes and
antibranes [B, []. A completely analogous characterization holds for the charge configu-
ration (mq,ms) = (0,m). As we will discuss further in the subsequent sections, for generic
my,ma the set of relations R, m,), making the vector space (Pa)jp one-dimensional,

implies that the quiver Q can always be naturally mapped (e.g. via a lexicographic

(m1,m2)
ordering) onto an A, 1-quiver. This will become evident from the other examples consid-
ered below, and will have important physical ramifications later on.

(m1,m2) = (1,1). In this case the quiver bundle truncates to a square

¢(1)

Ek‘lo _——_> Ek?()()

@] o2 (3.26)
Ek‘n T Ek?()l
¢11

and uniqueness of the bundle morphism on E},, — Ej,, (or of the corresponding path in
the path algebra A(Ll)) yields the single holomorphic relation

2ol = ol 017 . (3.27)

The equivariant graded connection admits the matrix presentation

1 2
_A00,00 go) ((]1) 0
T 10,10 (2)
_(ﬁb%)) AT 0 11
A= _( ﬁ))T 0 401,01 ¢§11) ’ (3.28)
2 1
0 () (i) A

(m1,m2) = (2,1). The quiver bundle over M associated to Q(o,1) is given by

M? (3.29)
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with the pair of holomorphic relations
2) (1 1) (2 2) (1 1) (2
¢§1) ¢;1) = ¢;0) ¢;1) and ((n) ¢§1) = ﬁbgo) ¢§1) : (3.30)

The graded connection zero-form components

0g) 000 0 0004y 0 0
00 6% 00 0 000 0 7 0
(1) 00 0O0O0 O (2) 000 0 0 (2)
= and = 21
P 00 0 0gY 0 e 000 0 0 0
00 000 ¢ 000 0 0 0
00 0O0O0 O 000 0 O O

(3.31)

satisfy the nilpotent relations
1) 2 1) 3 _ (2 y2 _
(¢(2,1)) 7 0, (¢(2,1)) = 0 and (¢(2,1)) =0. (3.32)

It is straightforward to check that the holomorphic relations (B.30) follow from the com-
mutativity condition (B.11]) in this case.
(m1,m2) = (2,2). Finally, the (Q,2), Ri2,2))-bundle is given by

O i
EkQO EklO Ekoo
2] 2] Jew
Ekm (1) k11 (1) Ekm (3.33)
21 11
(2)T (2)T T @)
22 12 02
Ek22 (1) Eklg 1) Ek02
¢22 12
with
(1) 2)
0éyg 0 ¢57 0 0 0 0 0
1 2
00 o) 0 ¢¥ (()2)0 0 0
00 0 0 ?1) bor ?2) 0 0
) @ 00 0 0 ¢y 01 P02 02 0
P PPy =[ 00 0 0 0 o) 0 ¢F 0 (3.34)
00 0 0 0 0 0 0 ¢
00 0 0 0 0 0 ¢¥Y 0
00 0 0 0 0 0 0 ¢
00 0 0 0 0 0 0 0
satisfying
() 2 0 \3 _ _
(Bany)” # 0 and  (ppy)" =0  for £ =12, (3.35)
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3.4 Graded connections on Q(,;, m,)

We would now like to write the graded connections as intrinsic objects to the quiver bun-
dle (R.12) over M, without explicit reference to their origin as connections on the equivari-
ant gauge bundle £ — M XCP(ll) ><(CP(12). For this, we will introduce a more direct dimen-
sional reduction of the gauge potential A. The construction exploits the usual canonical
isomorphism between the complexified exterior algebra bundle over M ><(CP(11) ><(CP(12) and
the corresponding graded Clifford algebra bundle, which sends the exterior product into
completely antisymmetrized Clifford multiplication and the local cotangent basis dz” onto
the Clifford algebra generators I'* obeying the anticommutation relations

DAT? 4 T7TF = —2¢"” 15042 with 0 = 1,...,2n+4. (3.36)
The gamma-matrices in (B.36) may be decomposed as
(T7} = {0, v, T0 T2 TP} (3.37)

where
" = ’y‘u ®R1y® 1y, (338)

and y* = —(y")! are the 2" x 2" matrices which locally generate the Clifford algebra bundle
over M and which obey the anticommutation relations

YA A AR = =2g* 1on with pu,v = 1,...,2n. (3.39)

The spherical components are given by

=709 @1, TV = 709" ®1y, (3.40)
M =708, TV = 78087%, (3.41)

where 1 .
"= (1 +yewe) o4  and ¥ = o (1 + yeije) o (3.42)

l 74

are the Clifford algebra generators over CP&) for ¢ = 1,2, with the constant sl(2,C) gen-
erators given by (P.9), (B-10). The chirality operator over M is

in

n 1 2 _ —
W%---mﬂ““'ﬁ” with  (7)” = 13» and 7" = —fy.

(3.43)
With this set-up we may now write the equivariant gauge potential given by (P.22)—
(2.27) as the graded connection

’y:

A = Fﬂ ‘Aﬂ = I 'AM + I 'Ayl + 1’@1 Aﬂl + re Ay2 + ng AZ~72

1 1
= (AM)) @101+ — (B, L) 100 @+ — (¢l N yeo o1,
R1 Rl

(m17m2) (m11m2)

L@ 1 @ t
+ R_2 (d)(mhmz)) 7@0‘3 Ro_ + R_2 (¢(m17m2)) 'Y®U3 ®U+

W (@) Y@l by @ose (17 (@) +92 (al™) )

+y@ (17 (alm),
(3.44)

,19,



where

B 1
e (a(mz))glZ + Ve (a(mz))w — E (14 yebe) <(a(m“))g£ o_ — (a(me))y[ U+)

for ¢ = 1,2. (3.45)

As desired, the zero—form components in (B.44) involving ¢E21 mg) A€ independent of the
coordinates (yg, y¢) € CP, (Z) and they anticommute with the one-form components involving

AMm1m2) due to their couplings with the chirality operator (B43). From (BA1)-(R47) the
curvature of the graded connection (B.44) is found to be

Fo= L[ T7] Fus
= % [’7“, ’YV] (F(mLmQ))ﬂ @1y ® 1y
1
_R—lw(vﬂD“¢E217m2)) R0 ®12+R—7( ﬂ¢(m1 m)) %0, ®1,
1 1
_R—Q’y( “DMd)ml ma) ) ®U3®07+R_2fy( “Dud)(ml ) )T®03®U+
1 (1) (1) (1) t
* 2R? <‘r(m17m2) N |:¢(m17m2) ’ (¢(m1,m2)) D 1y ® 03 ® 12
1 (2) (2) () t
+ @ <T(m17m2) - |:¢(m17m2) ’ (¢(m1’m2)) i|) 12n &® 12 ® 03
1
. R Ry ¢(ml ma)’ ¢(ml ma) ] In®o_®o_
1 t
+R1R2 ¢(m1m2’¢(m1m2] 12n®0+®0+
1 i
+ Ry Iy ¢(m1,m2) ) (¢(m1 m2)) } 1, ®o_®o,
1 1t
+ Ry Ry ¢(m1,m2) ’ (¢(m1 mz)) } In®oL®@0_ (3.46)

where F(mtm2) .= qA(mum2) 4 glmima) \ Almima) — L(pOmm2)) - qgi A da?.
n2
The graded curvature (B.46) is completely independent of the spherical coordinates.
Using (B.46) and standard gamma-matrix trace formulas [[§], it is possible to recast the
dimensionally reduced Yang-Mills action functional (P.50) in the compact form
2 P2 P2
™ R R .

Syn = # /M A% /g trhsk Tr yns2 F2, (3.47)
where the trace Tr cant? is taken over the representation space of (B.36) and may be thought
of as an “integral” over the Clifford algebra. Thus the entire equivariant gauge theory on
M XCP( )X(CP(Q) may be elegantly rewritten as an ordinary Yang-Mills gauge theory of
graded connections on the corresponding quiver bundle over M.

4. Noncommutative instantons and quiver vortices

We will now proceed to the construction of explicit equivariant instanton solutions. We will
build both BPS and non-BPS configurations of the Yang-Mills equations on the noncom-
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mutative space Rg”XCPGCPl. We then describe some general properties of the moduli
space of noncommutative instantons in this instance.

4.1 BPS equations

The equations of motion which follow from varying the Yang-Mills lagrangian (P.4§) on
the Kihler manifold M xCP!xCP! are given by

1
V9
The BPS configurations which satisfy (JLI]) are provided by solutions of the DUY equa-

tions [[[1]

(VG F™) + (A, F*"] = 0. (4.1)

*QAF =0 and F*0 =0 = F°2, (4.2)

where * is the Hodge duality operator and F = F29 4+ Fbl + 702 ig the Kihler decom-
position of the gauge field strength. In the local complex coordinates (z%,yi,y2) these
equations take the form

G F ooz + 07 Fyry + 6% Fpgy = 0, (4.3)
Fousp =0, (4.4)
Foag =0 = Faag,, (4.5)
Figgo = 0, (4.6)

along with their complex conjugates for a,b=1,...,n.

In terms of the equivariant decomposition (P.41))~(R-47)), the DUY equations read
B = g 2 @) el - ol (0]
ta [me =20+ () o2 - o2 (620 (4.7
and

Flo =0, (4.8)
9 ¢z+1a Am ¢@+1a - ¢z(<1k)1a A?la =0, (4.9)
% ¢za+1 + AP ¢m+1 ¢z(?1)+1 AP =0, (4.10)
¢Z<1|*)1CV ¢z+1a+1 ¢z?1)+1 ¢z+1a+1 =0, (4.11)

along with their complex conjugates. Eq. ([l.7) gives hermitean conditions on the curvatures
of Ey,, — M, while ([L.§) implies that Ej,  are holomorphic vector bundles with connections
A The conditions (f.Y) and (JL10) then mean that the bundle maps on the quiver
bundle (R.19) are holomorphic. Eq. (f11)) imposes the relations R(my,mz) on the quiver
bundle. Note that the analogous non-holomorphic relations, specified by the vanishing
of (2.47), do not arise as BPS conditions.
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The BPS energies may be computed by noting that the action functional (R.50]) eval-
uated on equivariant connections A of the bundle & — M xCP!xCP! may be written

as [[[5

1 PN
Sym = 4 / iy \/5 trkxk(QW ]:;20)2 27 Chy(€), (4.12)
MxCPlxCP?
where
1 Qr
Chs (&€ :——/ —/\tr FANF 4.13
©) 872 Jarxcpixept 1! ok (4.13)

is a Chern-Weil topological invariant of £. Eq. (JL12) shows that the Yang-Mills action is
bounded from below as Sy); > Sgpg = —272 Chy(&), with equality precisely when the
DUY equations ([.2) are satisfied. By substituting in (R.5]) and the equivariant decompo-
sition (R-41)-(R-47), after integration over CP*xCP! one finds

Spps = 272 > Z {V01M [(m1 — 2i) (M — 20) ki
i=0 a=0
+4 (R3 (my — 2i) + R} (m2 — 2a)) deg Ey,, | — 647> R} R3 Chy(Ey,.)
* /Mdan \/§ trkm Xkia |:(¢E-1$—)1 oc—&-l)T (¢Z(206)+1)T ¢z(-1|-)1 « (bf}—)l a+1l ((bgcll))T sz(;) (d)l(?a)"rl)'r ¢1('%'3+1

T i T i
(@ a) 0 air (01 ain) 0l — 0 (05h0) (62) " 62] } (4.14)
where vol M = [, w™/n!is the volume of the Kéhler manifold M and

deg Ek. = i / wn_l AN trk, k. Fia (415)
“  volM Jy (n—1)! i X Fia

is the degree of the rank k;, bundle Ey, — M.

To cast these equations on the noncommutative space M = ]Rg", we introduce the

operators

X = Al 49, 7 and Xio = Al g, 20 (4.16)

In terms of these operators the antiholomorphic bi-fundamental covariant derivatives take
the form

¢(2) XZ a+1 ,

Dy qb ta+1
(4.17)

— XZO(

i+1la
Z+1a a ¢Z+1a ¢l+1aX and D_ QS

i
ia+1l T X ¢la+1

while the components of the field strength tensor become

R = (XX 40, B = (XL XR) and B [0, XP] L @19
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The noncommutative DUY equations (without the complex conjugates) then read

5 ([Xi0, X4 + ,5) Q%%[ml—%ﬂqs( )62 — o (o) ] (419)
i [me =20+ () o o2, (62)']

[(Xe, xi*] = o0, (4.20)

XW%M ¢Z+MX”1°‘ =0, (4.21)

XW%H ngmHXW“ = 0, (4.22)

O o O i1 — O O ags = 0. (4.23)

4.2 Examples

Before proceeding with a more general analysis, we will provide some illustration of the
meaning of the quiver vortex equations (JL.7)-(J.11)) through special cases and limiting
solutions.

Chain vortex equations. Consider a holomorphic cham (B-24) with (m1, mg) = (m,0).
Its equations, obtainable from (f.7)—([E.11]) by taking ¢z wt1 = 0in the ansatz for A and F,
read

— . 1 )
9 Fy = g (m =2+ 16— by, Fy = 0, (4.24)
Dadiy1 + A2¢i+1 — Qi1 A%H =0 for 1=0,1,...,m, (4.25)
where ¢, = gbz%), Al = AV Fi .= F® and R = R;. Noncommutative chain vortex

configurations solving ([.24) and (f.25]) on M = R2" were constructed in [L§].
Holomorphic triples. For m = 1 the holomorphic chain (B.24) reduces to a holomorphic
triple (€1, &, ¢) 1 described by the equations

gy = +2—Rz<1—¢¢f), F% =0, (4.26)
i 1
Oap + A2¢p — 9 ALl = 0. (4.28)

Solutions of ([.2d)—(f.2§) for M = R2" and their D-brane interpretation were presented
in (L6, [7).

Four-dimensional case. For dimgrM =4, kg = k; = r and ¢ = 1,, we infer from ({.2§)
that A% = Al, hence both (f:24) and (f:27) simplify to the self-dual Yang-Mills equa-
tions on M. In the case of M = R} their solutions are noncommutative instantons (see
e.g. B2, and references therein). In string theory they are interpreted as states of
noncommutative D-branes (see e.g. [24] and references therein). On the other hand, when

ko = k1 = 1 and ¢ is non-constant eqs. ({.26)—({.28) reduce to the perturbed abelian
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Seiberg-Witten monopole equations [RH]. For M = ]Rg one encounters the noncommutative
U, (1)xU_(1) Seiberg-Witten monopole equations studied in [6].

Vortices in two dimensions. For dimgM = 2 and ko = k1 = 1, the set (:26)-([£.29)
coincides with the standard vortex equations, whose solutions on M = Rg were considered
e.g. in [27).

Quiver Toda equations. Let us investigate the equations ([E7)—(.1I)) in the limit
Ri, Ry — oo which decompactifies the spherical parts of our Kihler manifold M xCP?!x
CP'. With the redefinitions g[)gi) — Ry gbgi) for i =0,1,...,m; and o = 0,1,...,mg, the
quiver vortex equations then descend to the quiver Toda equations

20 Fip = (‘lsz(i) Ol — ¢Z(-1i-)1a (gbz(-li-)loc)T + (¢§§)) o ¢m+1 (¢zo¢+1)T ,(4.29)
Flo =0, (4.30)

¢@+1a Am ¢@+1a - gbz(}r)laAf;rla =0, (4.31)

¢m+1 + A2 ¢m+1 ¢503+1 AFtt =0, (4.32)

¢§+1a ¢z+1 at+1 ¢z(a+1 ¢z+1 at1 = 0. (4.33)

In this limit the induced quiver gauge theory on M is independent of the additional spherical
2)

dimensions. In the case (;52(& =0 Vi, and ¢, := gbl%) we arrive at

20l = ¢ ¢y — b1 by Flp o= 0, Gaginr + AL — ¢ AL = 0,
(4.34)
which may be called the holomorphic chain Toda equations on the Kahler manifold M.
Symmetric instantons on CP!xCP?!. A somewhat opposite limit to the decom-
pactification limit above comes from choosing the vacuum solution for generic monopole
charges (my,mo) on MxCP'xCP!. Let us set A = 0 in (.23), ¢Z+1a and ¢§i)+1 to
constant matrices in (2.24)-(R.27), and F*® = 0 in (2.30). Then the field strength com-
ponents (R.31)-(.34) are identically zero, but (R.35)-(R.3§) are generically non-vanishing.
The components (R.41))-(R.43) vanish, while (R.44)(P.47) are non-vanishing and give the
components of the gauge fields on CP!xCP!. The BPS equations ([.§)—(f.10) are iden-
tically satisfied in this case, while eqs. (f.7) and (J.11]) should be solved with constant
matrices ¢Z(-i). The simplest choice is square matrices with (m1,mz2) = (1,1). The BPS
equations (f7) and (JL.11]) are respectively equivalent in this case to the equations

YeR Yo" YeR e’
fylyl +‘7:y2y2 - O

i+1 a+1ia io,i+1 a+1
fy1y2 =0 = ]:ylyz : (4-35)

Furthermore, ‘7_-;10;42—1 L s given by (.47). The equations ([.39) give SU(2)xSU(2)-
equivariant solutions of the self-dual Yang-Mills equations on CP'xCP! which are vacuum
BPS solutions of the original DUY equations. These solutions have non-zero energy, and
the entire structure of these non-abelian instantons on CP*xCP! is reduced to equations

for finite-dimensional matrices from our equivariant fields.
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4.3 Finite energy solutions

Let us fix monopole charges my, mo > 0 and an arbitrary integer 0 < r < k. Consider the

ansatz
X =0,Ty, 22T, and X2 = 0, Ty, 2T | (4.36)
(ﬁz(}k)la = )‘§+)1a Nia TJJ{QHQ and (@(}31 a)T = S\Z(}F)IQTNZ+1Q T]J{[m ;o (4.37)
¢§201)+1 = )‘z(?x)Jrl Ty, TJJ{ZMH and ((ﬁgH)T = )‘E?x)ﬂ Niat1 T]tfm ;o (4.38)

where )\Ea),)\§2) € C are some constants with )\((]2 =0= )\SLLFIQ and )\Z( ) =0 = AE,}WH
fori=0,1,...,m, a=0,1,...,ma. Denoting by H the n-oscillator Fock space as before,
the Toeplitz operators

Ty

[2e"

CoH — V, oH (4.39)

are partial isometries described by rectangular ki, xr matrices (with values in End H)

possessing the properties

T].‘;[Za TN’LQ - 17, While TNZa T]‘I\-/Y»La = ]'k — PNZa , (4.40)

(1%

where Py is a hermitean projector of finite rank N;, on the Fock space V ;,, @ H so that

P, = Py, =P, and Try, gy Py, = Nia. (4.41)
It follows that
ker Ty, = {0} but kerT;{,ia = imPy, = CNie (4.42)

For the ansatz ([.36)-(E3§) the equations (J.20)-(E.23) are satisfied along with the

non-holomorphic relations

(1) (2) \t_
(¢ ) ¢Z+1a 1 ¢i+1a (¢i+1 a) - 07 (443>
or equivalently in terms of graded connections one has the commutativity condition
[‘f’(ml . (¢(m17m2 ) ] —0. (4.44)
The non-vanishing gauge field strength components are given by
1

Fiy = 04 Pry = S0 0 P - (4.45)

It follows that our ansatz determines a finite-dimensional representation of the quiver
with relations (Q(ml,mQ) s R(mi,ms))- The projectors Py give representations of the trivial
path idempotents e;, and project the infinite-dimensional Fock module ¥V ® H over the
path algebra A(,,, ,,,), given by the noncommutative quiver bundle, onto finite-dimensional
vector spaces Py. - (Y ® H) = ker T;{[m. This module will be denoted as

T := % % ker T}, (4.46)

i=0 a=0
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with dimension vector

i=0,1,...,m1

N = kr = (Nia) g1 (4.47)

These dimensions correspond to the degrees of the corresponding noncommutative sub-

bundles determined by ([.45).

The noncommutative Yang-Mills action for the ansatz (}£.36)—(f£.38) can be evaluated

by using (2:50), (R59), (£:23), (.40), (E-43) and ([47) to get

Syn = —m R? RS Pf(2m6) i i Trz%w{ tronon (07%) Py
=0 a=0
_2_;31 [(ma = 20) 1, + (D = AL (1,%.(1—13]%)}2
_ﬁ [(mg—Qa) <|)\ R ) (1;%(1—13]V2,a)}2 } (4.48)

Requiring that Sy, < oo yields a pair of equations determining the moduli of the complex
coefficients )\Z%) and )\Z(i) respectively. Up to a phase they are thus uniquely fixed, by
demanding that the ansatz ([.36)([.38) be a finite energy field configuration, as

DUP = imi—i+1)  and  PP)P = a(me—a+1). (4.49)
The corresponding finite action (Jl.48) then reads

3]

m2
2
Syy = 7 R? R2 PE(27 6) Z (Nia + Ny —ims—a + Ney—ia + Nims—a)

o2

1=0

(my —20)2  (mg — 2a)? _9

X —t 0 ) 4.50
[ 92 Rzll + 92 R% Topx2n ( ) ( )

where we have split the sum over nodes of the quiver Q(;;, ;n,) into contributions from Dirac
monopoles and antimonopoles which each have the same Yang-Mills energies on the spheres
(CP(l) and (CP(12). This splitting will be the crux later on for the physical interpretation of
our instanton solutions.

Finally, let us check that the Yang-Mills equations on RQ”X(CP(ll) XCP(l) are indeed
satisfied by our choice of ansatz. We have

m1 mo

Ag— 052" = Z Z XMy = 05 Y. Y Ty, 2T, ®I,, (451)
i=0 a=0 i=0 a=0
m1 mo

Az — Ogp 24 = Z Z X @My = 0 Y. Y Ty, 2T ©TL,,  (4.52)
=0 a=0 =0 a=0

while Ay, , Ay,, Az, and Ay, are given by (B.20)-(B.23). For our ansatz the field strength
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tensor has components

mi mo
‘Fal; = 0(113 Z Z PNm ® Hiaa (453)
i=0 a=0
1 mi mo
Fogn = ol Z; O;)(ml —2i) Py, ®1,, (4.54)
1 mi mo
Fyogo = ————3 > (mg —2a) Py, @1, (4.55)

— \2
(I +w2)” 3 o

where we have imposed the finite energy conditions ({.49). One can now easily check in
the same way as in [[§] that the Yang-Mills equations ([L.1)) are satisfied.

4.4 BPS solutions

The configurations described above are generically non-BPS solutions of the Yang-Mills
equations on Rg"><(CP(11)><(CPl2 . Let us now describe the structure of the BPS states.
Substituting (1.37), (£.38) and (4.45) into the remaining DUY equations ( and using
the finite energy constraints (§£.49), one finds the BPS conditions

n .
1 my— 2t mg— 2
— 4.56
Z ge 2 R? * 2 R? (4.56)
a=1

for all i, with N;, > 0. Generically, these conditions are incompatible with one an-
other unless only one of the degrees, say Ngy for definiteness, is non-zero. Then the
solution (f.36)—((.38) is truncated by setting Ty, = 1, for all (i,a) # (0,0) which cor-
respond to vacuum gauge potentials A = 0 with trivial bundle maps qbgi) acting as
? satisfying ([.49). The BPS solutions are also
restricted to the special class of quiver representations (P.6)) having dimension vectors k
with kio =7 V(i,a) # (0,0) and koo + m1maor = k. As we will see in section [L.§, these
quiver representations are essentially generic and hence BPS solutions always exist. The
corresponding BPS energy ([L.50) is proportional to the degree Nog and corresponds to the
topological invariants displayed in ([.14]), with the remaining terms vanishing due to the
non-holomorphic relations (f.43)).

Notice that there are special points in the quiver vortex moduli space where the generic

multiplication by the complex numbers )\Z(

BPS gauge symmetry U(kgg)xU(r)™ ™2 is enhanced. For example, if R; = Ry and p is
any fixed integer with 0 < p < min(my,ma), then a BPS solution with N;,_; > 0 for
i = 0,1,...,p is possible. This solution corresponds to a holomorphic chain along the
diagonal vertices (i, ) of the quiver Qs m,) With i + a = p. The corresponding BPS
energies depend on p and are minimized precisely at p = 0.

The BPS solution having N;, > 0 may be characterized in quiver gauge theory as N;q
copies of the simple Schur representation £, for each ¢ = 0,1,...,m, @« = 0,1,...,ma.
This is the Q(n,,m,)-module given by a one-dimensional vector space at vertex (my —
2i,mg — 2a) with all maps equal to 0, i.e. the A, m,)-module with (L,;,)js = 6ij dap C
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and dimension vector (Eéia) i3 = 0ij 0q3. The generic non-BPS configurations give modules
7 which are extensions of the BPS modules (£,,)®Vie [[§] describing noncommutative
quiver vortex configurations.

4.5 Instanton moduli space

We will now describe the moduli space of the generic (non-BPS) solutions that we have
obtained. The equations of motion are fixed first of all by the positive integers n and k.
The condition of G-equivariance then specifies a quiver representation (P.6)) with dimension
vector k. The Yang-Mills action ({.5() is independent of k, and later on we will find that
in fact no physical quantities depend on the particular choice of quiver representation. As
we now proceed to demonstrate, this independence is due to the triviality of the moduli
space of Q(p, m,)-modules.

Let us fix a dimension vector k. Then with the identifications V. ki = CFie we can
regard the module (R.6) as an element in the space of quiver representations into V. given
by

mi ma2

Rep(Q(ml,mQ) ,E) = @ EB <Hom((Ck”1°‘ , Ckia) ® Hom((Ckm+1 , Ckia)> (4.57)
i=0 «a=0
with kpy41a := 0 =! kjm,+1. This is the space of representations with fixed dimension

vector k. The set of representations of Q(y,, m,) into V satisfying the relations R, ) is
an affine variety inside the space ({.57).

The gauge group of the corresponding quiver gauge theory is given by (R.7). As in
section P.2, it is useful to work instead with the complexified gauge group

mi ma2

Gk)=][ I] GL(kia.C) . (4.58)

i=0 a=0

Suppose that YV, V' € Rep(Qmy,mo)s E) and f :V — V' is an isomorphism of quiver rep-
resentations. Then f can be naturally regarded as an element of the gauge group (§.5§).

Conversely, any element f = {fia € GL(kia,C)}o<i<mi 0<a<ms € G(E) acts on V €
Rep(Q(ml,mQ),lE::) in the same fashion. It follows that the gauge group G(E) acts on
Rep(Q(ml,mQ),k:) and Ewo quiver representations are isomorphic if and only if_)they lie
in the same orbit of G(k ). Thus there is a one-to-one correspondence between G(k )-orbits
iil Rep(Q(my ms)> E) and isomorphism classes of Q(y;;,m,)-modules with dimension vector
k.

This set defines the moduli space M(Q( E) of quiver representations. It has

virtual dimension [R§]

mi,ma)?

dim [M (Q(ml,mg) ) E)}m = 14 dim Rep(Q(mlﬂm) ,E) — dim G(E)

mi mo
=1-3" > kia(kia —kit1a = kiar1) - (4.59)

i=0 oa=0
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Restricting to representations which satisfy the relations R, ,,) lowers (E59) by Zi, o X
kiakit1a+1- Representations with moduli space dimension greater than the virtual dimen-
sion can arise due to additional unbroken gauge symmetry, as described in section [L.4]
Schur representations, describing generic BPS states, are those modules for which the sta-
ble dimension equals the virtual dimension. Rigid representations carry no moduli and

have vanishing virtual dimension. As we now show, it is these latter Q( -modules

mi,ma)
that parametrize our noncommutative quiver vortices.

The scalar subgroup C* C G(E) acts trivially on Rep(QLmLMQ), E), and we are left
with a free action of the projective gauge group PG(k) := G(k)/C*. Since PG(k) is not
compact, we must use geometric invariant theory to obtain a quotient which is well-defined
as a projective variety [RY). The representation space X = Rep(Q(mth)L k ) is an affine
variety. Let C[X] denote the ring of polynomial functions on X. The PG(k )-action on X
induces a PG(K )-action on C[X] in the usual way by pull-back. Let C[X] PG(R) C[X] be
the subalgebra of PG(E )-invariant polynomials. Since the gauge group (§.5§) is reductive,
the graded ring C[X ]PG(E ) is finitely generated and by the Gel’fand-Naimark theorem it
can be regarded as the polynomial ring of a complex projective affine variety X )/ PG(E ).

This defines the desired moduli space
PG(k)

(4.60)
has no oriented cycles, we may lexicographically order

M(Q(ml’mQ), 12) = Rep(Q(mth), 12) //PG(E) = Proj (C[Rep(Q(mth), E)]

Now since the quiver Qn, m.,)

its vertex set as Qggzl ma) = {1,2,...,(m1+1) (m2+1)} and assume that the integer label

of the tail node of each arrow is smaller than that of the head node. For { € C* we define
fe€ G(k) by (f¢)i = ¢" 1k, € GL(k;, C) for each i € QY . Then by considering

(m1,m2)

the action of f, on X = Rep(Q(mh,m),/;:’) and on (C[X]PG(E), one easily deduces that
C[X]PC¢(*) 2 C. This means that the moduli space ([£60) is trivial,

M(Q(mhm) , lg) = point, (4.61)

and all quiver representations are gauge equivalent.

Thus the only moduli of our solutions arise from the moduli space of noncommutative
solitons [B(]. They are parametrized by the pair of monopole charges (m1,ms) and by the
dimension vector N of the quiver representation ([l.44). The above argument again shows

that there are no extra moduli associated with the Q( -modules 7. For each i, we

mi,ms
let b, = (bia)v lio = 1,..., Nj, be the holomorphic compon)ents of fixed points in C™, and
let |b;,,) be the corresponding coherent states in the n-oscillator Fock space H. For the
projector Py, in the solution of section [L.3 we may take the orthogonal projection of H
onto the linear span @ﬁzﬂ:l Cl|by,,,). Modulo the standard action of the noncommutative
gauge group U(H) = U(oo), the moduli space of these projectors can be described as an
ideal T of the ring of polynomials C[z!, ..., 2"] in the noncommutative coordinates acting
on the vacuum state |0,...,0). The zero set of Z gives the locations of the instantons in
C™ and the codimension of Z in C[z},..., 2"] is the number N;, of instantons. The moduli

space of partial isometries Ty, ~thereby coincides with the Hilbert scheme Hilb Ve (C™)
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of Nj, points in C™ [B(], and thus the total moduli space of the solutions constructed in
section [L.3 is

m1 mo
My (N =TT T HiDYe(C?) . (4.62)
i=0 a=0

The quiver representation ([.46]) thereby specifies the supports of the noncommutative
quiver vortices in R?". Explicit forms for the Toeplitz operators Ty, corresponding to
specific points in ([.63) may be constructed exactly as in [[§] by using the noncommutative
ABS construction. We will return to this point in the next section.

5. D-brane realizations

In this final section we will elucidate the physical interpretation of our solutions as par-
ticular configurations of branes and antibranes in Type ITA superstring theory. We will
first compute, in the original gauge theory on Rg"x(cpl xCP?', the topological charges of
the multi-instanton solutions constructed in section [.J. This will make clear the D-brane
interpretation which we describe in detail. We then present two independent checks of the
proposed identification. Firstly, we work out the K-theory charges associated to the non-
commutative quiver vortices. Secondly, we compute the topological charge in the quiver
gauge theory arising after dimensional reduction to Rg". While formally similar to the
construction of [[§ in the case of holomorphic chains, the new feature of the higher rank
quiver is that all of these computations of D-brane charges agree only when one imposes
the appropriate relations derived earlier. The ensuing calculations thereby also provide a
nice physical realization of the quiver with relations (Q (i, ms) s Rimi,ms))- Details of the
homological algebra techniques used in this section may be found in [R1], B1].

5.1 Topological charges

Let us compute the topological charge of the configurations ({£.36)—(ff.41]). The non-
vanishing components of the field strength tensor along ]Rg" are given by

. m1 m2
. 1
‘7:2a712a = 21~7:aa = _%Z ZPNZ@@Hia’ (51)
i=0 a=0

while the non-vanishing spherical components can be written in terms of angular coordi-

nates on S(zl)xSé) as

sin191 i 22

Foipn = —1 > (m —2i) Py, 9T, (5.2)
=0 a=0
sin U9 L2

Fisps = =15 Z Z (m2 —2a) Py, ®11;, . (5.3)
i=0 a=0
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This gives

]:12]:34"']:271—1271]:191:,01 ‘7:1924/)2

~ (i) s1n4q9rl)fs1n192 (Z Z v ©1L )

=0 a=0
(Z Z m1 = 2‘]1 PNJl’Yl ]1’71) (Z Z ma = 2‘72 Nijyz ®Hj272)
1=0 m=0 J2=0 ~2=0
. ( ) SlIl191 Slnl?Q Z Z 2 9 )P ®H (5 4)
= i 4 Pf L 2y mq ’L m2 « Nia .

The instanton charge is then given by the (n + 2)-th Chern number

1 1 \n+2

The calculation now proceeds exactly as in [[I§] and one finds

mip  m2

Q= Z Z (m1 — 2i) (ma — 2a) Niq . (5.6)

For the BPS configurations described in section [t.4] the energy functional ({£.50) is propor-
tional to the topological charge (b.6]), as expected for a BPS instanton solution.
As we did in ([E50), let us rewrite (p.6)) in the form

13 %)
Q= (ml - 21) (m2 - 20[) |:(Nia +Nm17im27a) - (lefia +Nim270{):| . (57)
0

,_
vl
o

o

1= «

This formula suggests that one should regard the nodes of the quiver bundle (P-IZ) which
live in the upper right and lower left quadrants as branes (with positive charges), and
those in the upper left and lower right quadrants as antibranes (with negative charges).
The branes and antibranes are realized as a quiver vortex configuration on Rg" of DO-branes
inasystemof k =3, | ki D(2n)-branes. The twisting of the Chan-Paton bundles by the
Dirac multi-monopole bundles over the CP' factors is crucial in this construction. This
system is equivalent to a configuration of spherical D2- branes, wrapping CP(IZ) for =1,2,
inside a system of D(2n+4)-branes on R3" ><(CP(1 1) xCP (2) The monopole flux through each
CP? factor stabilizes the D2-branes. After equivariant dimensional reduction, the D(2n)-
branes which carry negative magnetic flux on their worldvolume have opposite orientation
with respect to those which carry positive magnetic flux, and are thus antibranes. The
bi-fundamental scalar fields gbgi) correspond to massless open string excitations between
nearest neighbour D-branes on the quiver Q(p,, m,). The relations R, m,) of the quiver,
given by (R.13), imply that there is a unique Higgs excitation marginally binding any
given pair of D-branes. As will become apparent in section f.3, only those brane-antibrane
pairs whose total monopole charge vanishes are actually unstable and possess tachyonic
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excitations causing them to annihilate to the vacuum. Other pairs are stabilized by the non-
trivial monopole bundles over the two CP! factors which act as a source of flux stabilization.
This interpretation is consistent with the form of the energy ([.50) of our solutions, and
the stability of the brane configuration is consistent with the structure of BPS solutions
found in section .4, In the remainder of this section we will justify and expand on these
statements.

5.2 Symmetric spinors

The standard explicit realization of the basic partial isometry operators 7'y, ~describing
the noncommutative multi-instanton solutions is provided by a G-equivariant version of
the (noncommutative) Atiyah-Bott-Shapiro (ABS) construction of tachyon field configu-
rations [[I§], where G = SU(2)xSU(2). Let us now describe some general aspects of this
construction. We begin with the equivariant excision theorem [B2 which computes the
G-equivariant K-theory of the space M ><(CP(1 1) ><(CP(12) through the isomorphism

Kg(MxCPl)xCPY) = Ka(GxgM) = Kg(M) . (5.8)

Since the closed subgroup H = U(1)xU(1) C G acts trivially on M, from the Kiinneth
theorem we arrive at

Ko (MxCPh)xCPY)) = K(M) © Ry, @ R, (5.9)
where Ryy(y) is the representation ring of the group U(1). Setting M = point in this
isomorphism and using (R.14), we may describe this representation ring as the formal

Laurent polynomial ring Ry = Kg((CP(ll) ><(CP(1 ) = [,C( 1)y LI OZ[L ), L] Then (69

is just the generalization of the isomorphism described in section .2 to the case of virtual
bundles.

In the case of main interest, M = R?", we can make the above isomorphism very ex-
plicit. Let Rgpin, (2n) be the Grothendieck group of isomorphism classes of finite-dimensio-
nal Zo-graded H xC/ls,-modules, where C/ly, := CE(RQ") denotes the Clifford algebra of
the vector space R?” with the canonical inner product & w- Extending the standard ABS
construction [BJ], we may then compute the H-equivariant K-theory K 1 (R?™) with H act-
ing trivially on R?" and commuting with the Clifford action. Any such H x Cfly,-module is
a direct sum of products of an H-module and a spinor module, and hence

_ M RO
Rsping (2n) = Rspin(2n) ® Ry(p) @ Ry, - (5.10)

The first factor can be treated by the standard ABS construction and yields the ordinary
K-theory group K(R?"). Therefore, our equivariant K-theory group reduces to

Ky (R?") = K(R*) ® R,y © R, - (5.11)

In the present context of the equivariant ABS construction, this isomorphism may be
described in terms of the isotopical decomposition of the spinor module

A,, = A(R™) @ @Am@S(l .25 (5.12)

2 mo—2x
i=0 a=0
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obtained by restricting A,, to representations of U(1)xU(1) C Spin(2n) C Cl,. Let
t : H — G be the inclusion map. It induces a restriction map from representations of G
to representations of H, and hence a homomorphism of representation rings

& :Rg — Ry . (5.13)
The A;y’s in (p.19) are then the corresponding multiplicity spaces

Ajo = Homy ("D, , SW . 082 ). (5.14)

my—21 2 mo—2«

To compute the spaces (p.14) explicitly, consider the homomorphism of representation
rings

. : Ry — Rg (5.15)

induced by the induction map from representations of H to representations of G. On
generators it is given by the space of sections
1 2
0 (85) © 8G)) =T (L) ® £3) (5.16)
of the homogeneous line bundle E?ll) ®£(2) Gxu(S sS4 )®S§D2)) over the base space G/H =
(CP(ll) ><(CP(12) with G-action induced by the standard action on the base. By Frobenius

reciprocity we have dim Homg(V , t.W ) = dim Hom(¢*V., W) for V a representation
of G and W a representation of H. As a consequence we can identify the multiplicity

spaces (p.14) as

(1 2)
We may now calculate the isotopical decomposition (.19) by using (F.17) to construct
the SU(2) xSU(2)-invariant dimensional reduction of spinors from R?*xCP!xCP! to R?".
To this end, we introduce the twisted Dirac operator on R?"xCP! xCP! using the graded
connection formalism of section B.4 to write the Z,,, 11X Zyn,+1-graded Clifford connection

Ajo = Homg (Ao, , T(£0 72 @ £372)) . (5.17)

jD:FﬂD = 'VHD ®12®12+(¢(m1 m2)ry®ryylﬁy1®12_(¢(ml mz)) ’Y®’yylﬁy1®12
2 5 2 1 2
((bgnzl ms) )7 ® 12 ®,}/y 6@2 - ((bgﬂ’)bl,mg)) TR 1y ® 'Yy ﬂyQ
+re P 0L +ye 1,0 PP, (5.18)

where

w(cpl = A <3yz + wy, + (a(m‘))ye) + (8@3 + wy, + (a(mf))g) (5.19)

with ¢ = 1,2, and wy,wy are the components of the Levi-Civita spin connection on the

Q

tangent bundle of CP!'. The operator (F.I§) acts on sections ¥ of the twisted spinor

bundle A

£m1—22+1 £m2—2a+1

$ = @ @ o @A 0y) ® 572 2i-1 | & ﬁnl 2a—1 (5.20)
i=0 a=0 E() 5(2)

over R?"xCP'xCP', where £Pt! @ £P~! are the twisted spinor bundles of rank 2 over
the sphere CP!. We are therefore interested in the product of the spinor module A ,, ®
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A (CPY) ® A (CP') with the fundamental representation (R.6) of the gauge group U(k)
broken as in (R.7).

The symmetric fermions on R?" that we are interested in correspond to SU(2) xSU(2)-
invariant spinors on R**xCP!xCP!. They belong to the kernels ker(lD((Cll)Dl) ® ker(ngI)Dl)

of the two Dirac operators (5.19) on CP!. By using (B17), (B-16) and (B-42) one can write
chiral decompositions of the Dirac operators (p.19) acting on (5.20) in the form

mi 0 (1)1‘ ma2 0 (2)1‘
O YR ) TR T S

i=0 m1—21 a=0 mo—2a
where
1 . _
pot, = I (R} +0151) Dy, + 2 (m1 — 20 + 1) 1] (5.22)
_ 1 .
Py, = o (R + y131) g, — & (m1 — 20 + 1) 1] (5.23)

and analogously for ﬂ),(fbl g o

SU(2)-modules [[L§ given by

The non-trivial kernels are naturally isomorphic to irreducible

kelrlZ)I(f)Jr = {0} and kerlDl(f)f =V for p<o,
kerlZ)I(f)+ =V, and kerlDl(f)f = {0} for p>0, (5.24)

with p =my — 2i for £ =1 and p = mo — 2« for £ = 2. Thus the chirality gradings are by
the signs of the corresponding magnetic charges.

It follows that the SU(2)xSU(2)-equivariant reduction of the twisted spinor represen-
tation of C/(R?"xCP!xCP') decomposes as a ZgxZo-graded bundle giving

A SU@SUR) =A,,® (A3 @ AL @ AT @ AY), (5.25)
where
m; Mgy my oma
A =D D 2w ad Ay =D D A,
=0 a=0 =0 g=m7
(5.26)
mi my mi m2
A - D @on owa oy - @ @ s
i=m a=0 i=m! a=mJ
1 1 2
with

®V jimy—2i| OV iy —20f and  mf = |7 (5.27)

The reduction (p.28) is valid for m1 ms odd, which we henceforth assume for brevity. When
mq me is even, one should also couple eigenspaces of spinor harmonics in the appropriate

manner [[[§.
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The chirality bi-grading in (f.25) is by the signs of the magnetic charges. The multi-
plicative Zs-grading induced by this Zo xZs-grading coincides with the grading into brane-
antibrane pairs infered from (f.7). The corresponding actions of the two Clifford multipli-
cations

my AV — AV and ) Ay — Ay (5.28)

are uniquely fixed on isotopical components in the same manner as in [[[§]. They give the
tachyon fields which are maps between branes of equal and opposite charge.

The equivalence between D-brane charges on M xCP!xCP! and on M asserted by the
isomorphism (5.9) can now be understood heuristically through equivariant dimensional
reduction as follows. The graded Clifford connection (p.1§) defines a class [fD] in the
analytic K-homology group K®(M xCP!xCP!). Corresponding to UAD], we may define a
fermionic action functional on the space of sections ¥ of the bundle (5.20) by

Sp = / >y /g Ot o (5.29)
MxCPlxCP!

Let us evaluate (p.29) on symmetric spinors given by

mi m2 w(l)"‘ ‘ w(Q)""

V=P P i with T = ( ?{;12”> ® < ﬁ’g;“o‘)) (5.30)
i T’Z)(ml—Qi) T’Z)(mg—Qa)

with respect to the decomposition (f.20]), where wg))i are sections of £LP*! and ¥;, takes

values in Ay, ® V.. with coefficient functions on M. After integration over CP'xCP?,
one easily computes analogously to [L§] that the action functional (f.29) on symmetric
spinors becomes

Sy = 167> R? R d*g 5.31
M

m1—2t—1 mo—2a—1

m m - - ; ~ ~
X [ Z Z Z Z (1/}8731—21') k1 1/)572732—2&) kz) E)(w521—21) k1 1/}8732—204) kz)

i=0 a=0  k;=0 ka=0
my  ma  mi—2i—1 |m2—2a|-1
300 W ke Y e k) PG sk Y k)
=0 a=mf k1=0 k2=0
mi My |m1—2i—-1 my—2a-—1
EP VD IED VDD (ol oty b Vs ey k) PO iy Yl 2y k)
i=ml o= 1=0 2=0

|m1—2i|—1 |mao—2a|—1

m1
T
+ Z Z Z Z (w(ml —2i) k1 wgiz;r—%z) kz) lD(wEiﬁf—%) k1 1/1(777/2 2a) kg) ’

mi  ki=0 ka=0
where ) := v* D,, and the component functions wg));t(x) on M with k =0,1,...,|p| -1
form the irreducible representation V', = ClPl of the group SU(2). The action func-
tional (b.31) corresponds to a K-homology class []P] in K*(M) twisted by appropriate

monopole contributions and SU(2)xSU(2)-modules. We shall now proceed to describe this
class more precisely.
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5.3 K-theory charges

Consider a holomorphic chain as in (B.24) and suppose that it is a complex at the same
time. Let us set £y = P Ey,, and E_ = @, 4q Fk,,. and define

ieven

o = [fpg;gm v (qs&o))q ‘E_ : (5.32)
With respect to this grading, the graded connection (p.32) is an odd map ® : E_ — E.
Hence, the triple [E,, E; <I>] represents the K-theory class of a brane-antibrane system
with tachyon field @ [B4]. The same construction would carry through for a higher-rank
quiver bundle of the form (R.12) if the latter was also a bi-complex, i.e. if both the horizontal
and vertical arrows defined complexes. In this case the commutativity conditions (B.T1])
and (fl.44) would allow us to lexicographically map the lattice onto a chain, and hence
make contact with the above well-known K-theory construction.

However, for generic monopole numbers m; and ms the quiver bundle (P.12) does not
have the requisite feature of a bi-complex due to the nilpotency properties (B.10]). Following
the interpretation of section above, we need to fold the holomorphic lattice into maps
between branes and antibranes [[[§, B4]. This accomplished by decomposing the quiver
module (R.6) with respect to the multiplicative Zo-grading induced by the Zo x Zy-grading
defined by the signs of the monopole charges m —2i and mg—2a at each vertex of Q(mn, m.)-
As a Zs-graded vector space we have

V=V,eV_ with V,=V. &V _ ad V_=V_ eV, , (533

where the bi-graded components are given analogously to (p.20) as

my  my my mo
Yiy = @ @Kkza and vy._ = @ @ Vi
i=0 a=0 i:mi" a:m;’
(5.34)
my mg my my
v @ B i v - @ D
=0 q=m7 i=mt a=0
2 1
Using (B.6)-(B.11]), we now introduce the operators
(1 (e Y™ (2) — (6 ™
Fmime) = <¢(m17m2)> and Bnyme) = (¢(m17m2)) (5.35)

constructed from the finite-energy Yang-Mills solutions of section [L.3] With respect to the
ZoxZy-grading in (p.33), they are odd maps

o . oo\
By P Yoe@H — V. @H  with (u )) _ 0.

(m1,ma2
(2) LY H—V,, 0H ith (2) t 0 5.36
Ky ms) * Le— QR — Ve ® Wi <N(m1,m2)> = (5.36)

which together form the requisite bi-complex of noncommutative tachyon fields between

branes and antibranes.
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(1)

Let iy )i and NE?H ma)ic denote the restrictions of the operators (p.35) to the
isotopical component V ;. . These operators can be written in terms of bundle morphisms
as

(1) _ 4 (1) (2 _ 42 (2
u(mth)ia - ¢zfm17 a (bia and p’(mth)ia - ¢z a—my o ¢ia ) (537)

where it is understood that qbz(é) 0= gbgi) if i < 0ora <0 From ([.37) and ({.39)
it follows that the pair of operators (f.37) are respectively proportional to the Toeplitz

operators

1 2
TV = 1) i, and TP = Ty T},

ifmlifla i iafmgfl

(5.38)

K3 7

The tachyon fields (f.35) are thus holomorphic maps between branes of equal and opposite
magnetic charges,

2

ugnzumm)m Vi, @H — V. ®H, (5.39)
with the implicit understanding that V ;. = {0} when i < 0 or a < 0. Furthermore,
from ({.49) it follows that when the operators (p.37) are non-vanishing their kernels and
cokernels are the finite dimensional vector spaces given by

.I.
1 . 1 .
ker <“Enzl,m2)ia> = im PNm and ker (,ugnzhmﬂm) = im PNi—ml_—la ,
T
2 . 2 .
ker <“Enzl,m2)ia> = im Py, and ker (“Eﬁl,mwa) = 1I11P]\,m7m;71 (5.40)

with N;q :=0for i < 0 or a < 0.
1) (2)

The operators p and p are kxk matrices whose sum can be written as
(ma1,mz) (m1,m2)

(1 (2
u’(m1,m2)—+ u(ml,mg)-f—— . 0
1 2 0 0 0 n __
uE’/T)Ll7m2) @ u’gnzlmm) = 0 0 0 717;01,7712) (5.41)
F(my ma)——
0 0 0 0

onVOH withY =V, , oV @&V, ®Y__, where ”E?lv)n,mz)*i = u5217m2)\£7i®H

(2) (2)

and Py ma) £— = (ml,mQ)’£ . @n- This matrix presentation corresponds to the bundle
diagram
”51) )+
mi,m2)—
YV . ®H V. .9H
(2) (2)
M(ml’mQ)__T Tu(ml’m2)+_ (5.42)
Y ®H V, ®@H.
(1)
Hrmyma)——
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Via an appropriate change of basis of the Hilbert space Y ® H, from (p.42) it follows that
the operator (p.41)) can be rewritten as

(1) 2
00 Fmy ma)—+ ‘12(7311,7712)"‘_

) f

( | 00 (Bl ) (B ) (5.43)
ma,ma) 00 0 0
00 0 0

onY@HwithY=V,, ¥V &Y oY, .

The important ingredients in this construction are the holomorphic relations R, n,)
) which enable us to commute the graded connections as in (B-17),
along with the non-holomorphic relations (f.44)). Together they imply that, with respect
to the Zo-grading in (.33), the operator (p.43) is an odd map

of the quiver Q(

(m1,m2)

. 2
Tipmy) " Yo OH — YV, @H  with (T, ) = 0 (5.44)

and hence it produces the appropriate two-term complex representing the brane-antibrane
system with noncommutative tachyon field (f.43). Again, when acting on isotopical com-

ponents the operator T(m1 ma)i relates a given brane to the two possible antibranes of

(6%
equal but opposite charge as

Vi @H — (V, oH) ® (V ®H),

(ml’m2)la i-m —la _k’L atmgy +1

T Vg, @H — (V) oH) & (V ®H) . (5.45)

mi,ma)ix V.. i ia—my —1 ki+m;+1a

From (f.40) it then follows that the operators (p.45) have kernels and cokernels of finite
dimensions given by

t
dim ker(T(mhmz)m) = dim |ker

/1’ (m1,mz)ia

T
ker = Nia,

l‘l’(ml 7m2)za

T
(2) _
N ker ( (m1,ma2) ) :| - Nifmffl a—mg, —17

|
dim ker(T(mlmz)ia)Jf v = dim[
|
|

N ker (u(ml mg)wc)

( )
(6ol i)
dimker(T(mhmz)m) , = dim|ker (u o m)f ﬁker( mz)mﬂ = Ny 1
(6ol i)

dim |ker u(ml my)ia ) () Ker (u(ml mz)m)} = N ia- (5.46)

dim ker(T(mhmz)m)

To incorporate the twistings by the magnetic monopole bundles, we use the ABS
construction of section above to modify the tachyon field (5.43) to the operator

(mi,m2) "=

where AT; = A;Jr © A}, and A, = é;ﬁ D AT;. The corresponding tachyon oper-
ators (f.3§) then define noncommutative versions of the Clifford multiplications (f.2§).
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Since dim V|, = |p|, from (-26), (5.27) and (p.46) it follows that the index of the tachyon
field (p.47) is given by

indeX(T(ml,mQ)) = dim ker(T( )) —dim ker(T(ml,mQ))T

mi,m2
mi mo
= > > |my—2i||my —2q
i:m'lF a:m;

X [(Nia—m;—l + Nz‘—m;—la) - (Ni—m;—la—m;—l + Nia)}
=-Q. (5.48)

The virtual Euler class generated by the cohomology of the complex (p.44) is the analytic
K-homology class in K&(R?") of the configuration of D-branes represented by the quiver
bundle (R.12). The formula (f.48) then asserts that the K-theory charge of the noncommu-
tative quiver vortex configuration constructed in section [L.3, i.e. the virtual dimension of
this index class, coincides with the Yang-Mills instanton charge (B.5)—(F.7) on R2"x $?x S2.
The corresponding geometric worldvolume description in terms of topological K-cycles may
now also be worked out in exactly the same way as in [[§]. It relies crucially on the equiv-
ariant excision theorem (b.9) which asserts the equivalence of the brane configurations on
M xCP'xCP"' and on M.

5.4 D-brane categories

The K-theory construction in section above of the brane configuration correspond-
ing to the quiver bundle (P.12) is somewhat primitive in that it only builds the system
at the level of topological charges. In particular, it relies crucially on the equivariant
excision theorem (f.9). We can get a more detailed picture of the dynamics of these
D-branes, and in particular how the original configuration folds itself into branes and an-
tibranes, by modelling our instanton solutions in the category of quiver representations of
(Q(my,m2) > Rimy,ms))- The ensuing homological algebra of this category will then exemplify
the roles of the SU(2)xSU(2)-modules and of the relations of the quiver in computing the
equivariant charges. Our previous approach based on intersection pairings at the K-theory
level misses certain quantitative aspects of the brane configurations corresponding to the
quiver bundle (P.12)), while the category of quiver representations provides a rigorous and
complete framework for understanding these systems [[[0].

(0)
(m1,m2

distinguished representations P ,, and L,, introduced in sections and [£.4 respectively.

Let us fix a vertex (m; — 2i,ms — 2a) € Q ) of the quiver and consider the

Then one has a canonical projective resolution given by the exact sequence [1]]
00— Pita1 — Pi1a®Pio1 — Pijo — Lin — 0. (5.49)

The first term corresponds to the independent relations of the quiver which are indexed by
(i, ) with paths starting at (i, «) and ending at (i — 1, —1). The second sum corresponds
to the arrows which start at node (i, ). Since there are no “relations among the relations”,
there are no further non-trivial modules to the far left of the exact sequence (p.49).
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Consider now the module ([.46) generated by a fixed noncommutative instanton so-
lution. From section [L.H it follows that this quiver representation specifies the loci of the
D-branes in R?", and since all the moduli of our solutions come from the noncommutative
quiver solitons it will suffice to recover the appropriate topological charge. Taking the
tensor product of (f.49) with the components ker T;{,ia of 7 and summing over all nodes
(i,) of the quiver Q(m, m,) gives the projective Ringel resolution of 7 as

mi mo mi ma
0 — @ @Eifla—l(gkerT]J{/m - @ @(Ei,laeéﬂm,l)@kerﬂ,m —
i=0 a=0 i=0 a=0
mi mo
- EB @Em(@kerﬁ% — T — 0.(5.50)
i=0 «a=0
Let S
: 7 i=0,1,...,
W=@0 QWi with kw = (wia)og; " (5.51)
i=0 a=0

be any other representation of (Q(m, my)» Rimi,ms))- It will be fixed below to correctly
incorporate the monopole fields at the vertices of the quiver. Applying the contravari-
ant functor Hom(—, W) to the projective resolution (f.50]) using (B.2) then induces the
complex

mi mo
0— Hom(I, w) — EB EB Hom(kerT;,ia , Mm) —
i=0 a=0

3

<H0m(ker TJ]:Q@ , W,_1,) ®Hom (ker T;{,m , wia_1)> —

Q
Il
o

|
2 16P:

3

!

Hom(kerT;{,ia Wiial) — Eth(I, W) — 0. (5.52)

I
=)
Q
Il
=)

i

The group Ext?(Z , W) is defined to be the cohomology of the complex (p.52) in the
p-th position. One has Exto(’Z_', W) =Hom(Z, W) corresponding to the vertices of the
quiver Q(n; my)- This group classifies morphisms f : 7 — W of quiver representations
as in section and represents the partial gauge symmetries of the combined system of
D-branes and magnetic monopoles. The group Ext!(Z, W) = Ext(Z, W) corresponds
to the arrows of the quiver and classifies the Q(y,, jn,)-modules Y which can be defined by
short exact sequences

0 —7T L uLw_—o. (5.53)

We may regard the module U as a deformation of 7 & W which simulates the attaching
of magnetic monopoles to the D-branes to form a bound state «. The arrows of (p.53) are
given by morphisms f € Hom(Z , U ) and g € Hom(U , W), reflecting the fact that Z_ and
W are constituents of  arising from partial gauge symmetries. Finally, the non-trivial

Ext? group accounts for the relations R while Ext? = 0 for all p > 3 since there are

mi,ma)»
no relations among our relations.
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We now define the charge of the given configuration of noncommutative instantons
relative to the (Quu, my) » Rimy,my))-module (B.51)) through the relative Euler character

X(I,M) ::Z(—l)p dim Extp(z,w) ) (5.54)
p=>0

This coincides with the Ringel form on the representation ring RA(ml,mQ) of the quiver
Q(mi1,me)- Using (p.52) we may compute the Euler form as

x(Z,W) = dim Hom(Z, W) + dim Ext*(Z, W) — dim Ext(Z, W)

mi mo mq ma
= Z Z dim Hom(kerT):[m ) Eia) + Z Z dim Hom(kerT):[m , mi_la_l)

i=0 a=0 i=0 a=0
=3 Y (aim Hom(ker T}, W, ) + dim Hom (ker T, , W, ,))
i=0 a=0
mi mo
= Z Z Nia (wia +Wi—1a—1 — Wi—1a — wiafl) . (5.55)
i=0 a=0

Following [[I§], we choose the coupling representation (f.51)) to the brane configura-
tion of the quiver bundle (R.12) to correctly incorporate the magnetic monopole charges
through the appropriate folding of SU(2)xSU(2)-representations appearing in the ABS
construction (p.25)-(p.27). We define a non-decreasing sequence W ;, C W ;5,1 < j,a < 3
of representations as we move along the quiver of constituent D-branes such that the
SU(2)xSU(2)-module W ,, gives an extension of the monopole fields carried by the ele-
mentary brane state at node (i,«). Thus we take

[y

i—1 a—

Wi =D D Yimi 211 ®Vjms 91 - (5.56)
j=0 B=0

As an element of the representation ring RA(m1 of the quiver Q(;n; my), We view the

m2)
module (B.56)) as a graded sum of representations with respect to the signs of the monopole
charges such that its virtual dimension is given by

] vir

Wi = dim[w

1o’
i—1 a—1
=) > (m1—2j)(me—28) = ia(mi—i+1)(mg—a+1). (5.57)
j=0 B=0
One easily checks that the integers (5.57) obey the inhomogeneous recursion relation
Wi + Wi—1a—1 — Wi—1a — Wia—1 = (M1 — 2i) (M2 — 2a) . (5.58)
Consequently, the Euler-Ringel form (p.53) in this case becomes
mi  mo
X(T, W) =) ) Nia(my —2i) (mg —20) = Q, (5.59)
i=0 a=0
reproducing again the instanton charge (b.5). The equivalence between the Euler charac-

teristic (p.54)) and the K-theory charge of section above is a consequence of the index
theorem applied to the complex generating the cohomology groups HP (Rg”, ToWY @H).
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